Systematic constructions of MDS Euclidean self-dual codes is widely concerned. In this paper, we consider the constructions of MDS Euclidean self-dual codes from small length. Indeed, the exact constructions of MDS Euclidean self-dual codes with small length are given. In general, we construct more new classes of q-ary MDS Euclidean self-dual codes from MDS Euclidean self-dual codes of known length via generalized Reed-Solomon (GRS for short) codes and extended GRS codes.
Introduction
Let F q be the q elements finite field with characteristic prime p. A linear F q -subspace of F n q with dimension k and minimal (Hamming) distance d is called a linear code C over F q with parameters [n, k, d] q . The parameters restrict each other, and one of them is Singleton bound(n ≥ k + d − 1). C is called a maximum distance separable(MDS) code if the parameters of C can reach the Singleton bound. The set C ⊥ = {v ∈ F n q (v, c) = 0 for all c ∈ C} is called the dual code of C where (v, c) is the usual Euclidean inner product in F n q . If C ⊆ C ⊥ , then C is called Euclidean self-orthogonal. If C = C ⊥ , then C is called Euclidean self-dual.
People are interested in MDS Euclidean self-dual codes since it has good algebraic structure and optimal parameters. The MDS Euclidean self-dual codes of length n over F 2 m have been completely determined in [5] . Furthermore, scholars construct MDS Euclidean self-dual codes by (1) . orthogonal designs, see ([4] , [8] , [9] ); (2) . building up technique, see ( [12] , [13] ); (3) . constacyclic codes, see ( [11] , [16] , [18] ); (4) . (extended) GRS codes, see ( [1] , [7] , [10] , [14] , [16] , [17] , [19] ). We list all the known results on the systematic constructions of MDS Euclidean self-dual codes, which are depicted in Table 1 . Table 1 : Known systematic construction on MDS Euclidean self-dual codes of length n (η is the quadratic character of F q ) q n even Reference q even n ≤ q
, m odd and prime p ≡ 1 (mod 4) [6] q = r s , r odd, s ≥ 2 n = lr, l even and 2l|(r − 1) q = r 2 , r odd n = tm + 2, tm even(except when t is even, m is even and r ≡ 1 (mod 4)), 1 ≤ t ≤ r+1 gcd(r+1,m) and m|(q − 1)
2 gcd(r+1,m) and m|(q − 1)
gcd(s(r−1),m) , s even, s|m, r+1 s even and q−1 m even
gcd(s(r−1),m) , s even, s|m, s | r + 1 and m|(q − 1) In this paper, we focus on constructions of MDS Euclidean self-dual codes from small length. In Section 2, we introduce some basic definitions, notations and useful results. In Section 3, we show that new classes q-ary MDS Euclidean self-dual codes is constructed via GRS codes and extended GRS coeds.
Based on the union of subspace and its cosets, we give constructions of MDS Euclidean self-dual codes of length 2tp l (resp. (2t + 1)p l ) + 1) from MDS Euclidean self-dual codes of length 2t (resp. 2t + 1).
Based on the union of subgroup and its cosets, we give constructions of MDS Euclidean self-dual codes of length 2te 1 (resp. (2t + 1)e 1 + 1) from MDS Euclidean self-dual codes of length 2t (resp. 2t + 1) under certain conditions. In addition, we give the exact constructions of some q-ary MDS Euclidean self-dual codes with small length. Finally, we give a short summary of this paper in Section 4.
Preliminaries
The following notations and results about GRS codes and extended GRS codes are almost identical to the introduction given in [1, 10, 15, 17, 19] . But we include it here for the completeness of this paper.
Then the GRS code of length n associated with S and v is defined below:
Moreover, the extended GRS code associated with S and v is defined by:
It is well known that C grs (S, v, q) and C egrs (S, v, q) are q-ary MDS code and its dual is also MDS [15] .
We give the following lemmas, which are useful in the proof of the main results.
Let a 1 , a 2 , · · · , a n be distinct elements in F q , S = {a 1 , a 2 , · · · , a n }.
(1) [10] Suppose that n is even.
Main results
In general, the construction of MDS Euclidean self-dual codes via GRS codes and extended GRS coeds comes down to the choice of S satisfying Lemma 2.1. In this section, we will show that how to add elements to a set such that it still satisfies Lemma 2.1.
Note that all of η q (∆ A (a i )) are the same. By Lemma 2.1, there exists a q-ary MDS Euclidean self-dual code of length 2tp l where s ≤ l < m. (ii) Suppose q ≡ 1 (mod 4). Let n = 2p l where 0 ≤ l < m. Then there exists a q-ary [n, n 2 , n 2 + 1]-MDS Euclidean self-dual code.
Proof. Let α ∈ F q \H.
(i) Since s | m 2 and so m s is even. Thus each element of F p s is a square in F q which implies for any
(ii) Since q ≡ 1 (mod 4). Then −1 is a square in F q . If we take A = {0, 1} and s = 1, then Part(ii) can be proved. (ii) Suppose p ≡ 1, 9 (mod 40). Let n = 6p l where 0 ≤ l < m. Then there exists a q-ary [n, n 2 , n 2 + 1]-MDS Euclidean self-dual code.
Since p ≡ 1 (mod 12), η q (−1) = 1 and η q (3) = 1. Thus, by lemma 2.1, there exists v = 4 such that the code C grs (S, v, q) is self-dual. By Lemma 3.1, there exists a q-ary MDS Euclidean self-dual code of length 4 · p l where 1 ≤ l < m. If m is odd, this example cannot be covered by known results in Table 1 .
(ii) For p ≡ 1, 9 (mod 40), we choose A = {0, p−1 5 , 2(p−1)
Since p ≡ 1, 9 (mod 40), η q (−1) = η q (2) = η q (5) = 1. Thus, by lemma 2.1, there exists v = (v 1 , v 2 , · · · , v 6 ) ∈ (F * q ) 6 such that the code C grs (S, v, q) is self-dual. By Lemma 3.1, there exists a q-ary MDS Euclidean self-dual code of length 6 · p l where 1 ≤ l < m. Lemma 3.2. Let q = p m , H be an F p s -subspace of F q of dimension l and η q (∆ H (0)) = 1. If exists A = {a 1 , a 2 , · · · , a 2t+1 } ⊆ F p s and v ∈ (F * q ) 2t+1 such that C egrs (A, v, q) is self-dual code, then there exists a q-ary MDS Euclidean self-dual code of length (2t + 1)p l + 1 where s ≤ l < m.
Proof. Let α ∈ F q \H and H i = a i α + H, then label the elements of the set X := ai∈A (a i α + H) by (ii) Suppose q ≡ 1 (mod 4). Let n = p l +1 where 0 ≤ l < m. Then there exists a q-ary [n, n 2 , n 2 +1]-MDS Euclidean self-dual code.
(i) Since s | m 2 and so m s is even. Thus each element of F p s is a square in F q which implies η q (−∆ A (α)) = 1 and η q (∆ H (0)) = 1.
(ii) Since q ≡ 1 (mod 4). Then −1 is a square in F q . If we take A = {1} and s = 1, then Part(ii) can be proved. Proof. Since p ≡ 1, 3 (mod 8), η q (−2) = 1. We choose A = {0, p−1 2 , p − 1} ⊆ F p . Then
Thus, by lemma 2.1, there exists v = (v 1 , v 2 , v 3 ) ∈ (F * q ) 3 such that the code C egrs (S, v, q) is self-dual. By Lemma 3.2, there exists a q-ary MDS Euclidean self-dual code of length 3 · p l + 1. (i) t is odd. Let n = (t + 1)p l where 0 ≤ l < m. Then there exists a q-ary [n, n 2 , n 2 + 1]-MDS Euclidean self-dual code.
(ii) t is even. Let n = (t + 1)p l + 1 where 0 ≤ l < m. Then there exists a q-ary [n, n 2 , n 2 + 1]-MDS Euclidean self-dual code.
Proof. We choose A = {0, −1, −t −1 , −2t −1 , · · · , −(t − 1)t −1 }. Since η q (t −1 ) = η q (t) and η q (−1) = η q (N ) = 1 for any N ∈ [2, t]. Then η q (∆ A (a)) = η q (−∆ A (a)) = 1 for all a ∈ A.
Thus, the conclusion is derived from Lemmas 2.1, 3.1 and 3.2. 
such that the code C grs (S, v, q) is self-dual, then (i) If e 1 is odd, then there exists a q-ary MDS Euclidean self-dual code of length 2te 1 .
(ii) If e 1 , e 2 are even and ν(a i )(1 ≤ i ≤ 2t) have the same parity, then there exists a q-ary MDS Euclidean self-dual code of length 2te 1 .
Proof. Label the elements of the set X :=
If b i ∈ θ ν(a k ) H 2 for some k, then exists a integer u ∈ [0, e 1 − 1] such that b i = θ ν(a k )+e2u . Thus
(i) Since e 1 is odd and so e 2 is even. Note that all of η q (∆ A (a i )) are the same. By Lemma 2.1, there exists a q-ary MDS Euclidean self-dual code of length 2te 1 .
(ii) Since e 1 , e 2 are even. Then
).
Note that ν(a i )(1 ≤ i ≤ 2t) have the same parity, which implies all of η q (∆ X (b i ))(1 ≤ i ≤ 2te 1 ) are the same. Proof. Keep the notations as Lemma 3.3. Let q − 1 = 2 k r with gcd(2, r) = 1. For n = 2 k ′ r ′ with gcd(2, r ′ ) = 1, we have k ′ ≤ k and r ′ | r.
• If k ′ < k, then we take e 1 = r ′ and A = θ 2 k−k ′ r ⊆ θ e1 .
• If k ′ = k, then r r ′ ≥ 3. We take e 1 = 2 k−1 r ′ and A = {θ e1 , θ 3e1 } ⊆ θ e1 .
Theorem 4. Let q = p m be an odd prime power, θ be a generator of F * q and q − 1 = e 1 e 2 . Suppose p ≡ 1, 3 (mod 8). If e 1 is odd and e 2 ≥ 4, there exists a q-ary MDS Euclidean self-dual code of length
Thus, by lemma 2.1, there exists v = (v 1 , v 2 , v 3 , v 4 ) ∈ (F * q ) 4 such that the code C grs (S, v, q) is self-dual. By Lemma 3.3, there exists a q-ary MDS Euclidean self-dual code of length 4e 1 .
Theorem 5. Let θ be a generator of F * q , q − 1 = e 1 e 2 and e 1 be odd. Denote
such that the code C egrs (S, v, q) is self-dual, then there exists a q-ary MDS Euclidean self-dual code of length (2t + 1)e 1 + 1.
Proof. Label the elements of the set X := = ∆ A (a k )e 1 a k and η q (−∆ X (0)) = η q ( 2t+1 i=1 a i ) = 1. Since η q (−∆ X (b i )) = η q (−∆ A (a k )e 1 a k ) = η q (a k e 1 ) = 1.
By Lemma 2.1, there exists a q-ary MDS Euclidean self-dual code of length (2t + 1)e 1 + 1.
Obviously, if A ⊆ θ 2e1 ⊆ θ e1 , then η q (a i ) = 1 for any a i ∈ A. Note that η q (3) = 1 if p ≡ 1 (mod 12) and η q (5) = 1 if p ≡ 1 (mod 20). 
Conclusion
The criterions of MDS Euclidean self-dual codes is given in [10, 17] . A. Zhang and K. Feng [19] considered constructions of MDS Euclidean self-dual codes from small filed. In this paper, the constructions of MDS Euclidean self-dual codes from small length is considered. The proof of the results were concise by using the notations of [19] . Further, some known results can be considered as special cases in our results. The exact constructions of MDS Euclidean self-dual codes with small length (especially n = 3, 4, 5, 6) are
given so that we obtained more new MDS Euclidean self-dual codes. Note that there are only a few known results about q ≡ 3 (mod 4). For q ≡ 3 (mod 8), we given MDS Euclidean self-dual codes of length 3p l + 1 and 4e 1 in Theorem 2 and 4.
